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Abstract

This paper proposes a numerical procedure for solving the nonlinear partial mixed Volterra-
Fredholm integro-differential equations by two-dimensional triangular function (2D-TFs). The
integration and differentiation in two-dimensional spaces have been presented for an opera-
tional matrix on triangular functions, whereas by converting the nonlinear partial mixed Volterra-
Fredholm integro-differential equation to a system of algebraic by using these matrices. Some
numerical examples, have been proposed to obtain the accuracy and effectiveness of the method.
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1 Introduction

The theory and applications of differential equations contain the majority of scope in applied
science and technology. The partial and integro-differential equations arise in wide fields of ap-
plied problems such as mechanics, physics, engineering, astrophysics, and even in the biology.
For example M. 1. Berenguer et. al have applied computational method in [5], the solution of
special class of physical equation has been given in [16], the concept of integral equations has
been presented in [10] and recently in [7] has presented some new method. The concept of two-
dimensional integral equation appears frequently in the theory of plasma physics and finding the
solution of these two-dimensional integral equations is usually necessary [9]. There is no nu-
merical approach with high precision to find solutions to such equations. In the following, we
introduce the special class of two-dimensional integral equation entitled "nonlinear partial mixed
Volterra-Fredholm integral equation" and we construct the numerical solution based on an oper-
ational matrix.

The nonlinear partial mixed Volterra-Fredholm integral equation is defined as follows:

n+m t S
f(satvuvusautv ) W) + )‘/0 /Q k(s,t,m,y,u(w,y))dydx = 0»

with known extra conditions, as well as the function u(s,t) is an unknown which must be de-
termined, the analytical functions f(s,t) and k(s, ¢, z,y) defined on D = [0,T] x Q and D x Q?,
respectively; () is a closed bounded region in R™ (n = 1,2,3) with piecewise smooth boundary
0Q [6]. Nowadays, some numerical methods and attempts have been made to find the numerical
solution of the mixed Volterra-Fredholm for instance: He's variational iteration method [19] and
Homotopy perturbation method [18]. The TFs method used properly to approximate the solution
of Fredholm and Volterra integral equations of the second kind [3, 2]. Maleknejad in [12] have
applied a TFs method to find the solution of NVFIs. In [15] the Bernstein polynomials also devel-
oped to solve the two-dimensional integral equation. Maleknejad and Mahdiani have attempted
to applied 2D-BPFs to evaluated the numerical approximation of the nonlinear mixed Volterra-
Fredholm integral equations [14], and Maleknejad in [13] have applied such operational matrix
and TFs for an especial class of mixed Volterra-Fredholm integral equations. The authors have
applied operational matrix for solving two-dimensional (2D) nonlinear integro-differential equa-
tions by BPFs [1]. Ebadian, and Khajehnasiri has used an operational matrix to find the solution
of the nonlinear Volterra integro-differential [11]. Recently, J. Xie in [17] has applied Block-Pulse
functions for another class of nonlinear equations known as Volterra-Fredholm-Hammerstein in-
tegral equations. In current work, the 2D-TFs have been used to evaluate the proper solution of
the Eq. (1).

This article is organized as follows. In Section 2, the TFs theory and their properties have been
presented. In Section 3, we introduce the method’s application. For better illustration the accuracy
of the proposed methods we displayed some numerical results in Section 4. Finally, at the end of
the paper, we were given some remarks in Section 5.

2 A Brief Presentation and Properties of the Triangular Functions

Throughout this section, we will provide a glimpse into the properties of triangular functions.
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2.1 1-D Triangular Functions

We usually define the Triangular Functions, which known as one-dimensional triangular func-
tions (1D-TFs) with an m-set on interval [0,1), where ith left hand as well as ith right-hand func-
tions of which are presented such as:

(s) = 1— 50 ip < s < (i+1)h,
0, otherwise,

sth - ih < s < (i+1)h,
0, otherwise,

where: =0,....,m—1,h = % Someone could show that

T (s) + T2 (s) = ®i(s), (M

where ®;(s) is the block-pulse function in ith point would be represent as

1, ih<s<(i+Dh,
is) = { 0, otherwise.

Clearly {T}(s)}"," and {T?(s)}7," are disjointed. So we have
T1(s)-T17(s) =~ diag(T1(s)) = T1(s),
T1(s)-T27(s) =~ Opmxm,
T2(s)-T17(s) =~ Omsxms (2)
T2(s) -T2 (s) ~ diag(T2(s)) = T1(s),

where T'1(s) and T2(s) are represented as m x m diagonal matrices [4]. To find the orthogonality
for 1D-TFs we can see [8], which is,

1
| 1) = 8,05
0

such that d;; denotes the Kronecker delta function and

h
3 p: q S {172}7
A =
P { % pP#4q
If we reconsider and define

Ti(s) = [T7(s), Ti(s), -, T ()],

Ta(s) = [13(s), T (s),- -, T3 (s)],

and
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So,
1 1 h
/Tl(t)TlT(t)dt = /T2(t)T2T(t)dt:§Imxm,
0 0
1 1 h
/Tl(t)TZT(t)dt = /T2(t)T1T(t)dt:gfmxm.
0 0

Expressing [ T'1(7)dr and [ T2(7)dr in which terms including of 1D-TFs follows

/Tl(T)dT = Pls-TI1(s) + P2s-T2(s), (3)
0
/Tl(T)dT = Pls-T1(s) + P2s - T2(s), (4)
0
where
0 1 1 1
001 ... 1
PlS = = . . . . . 9
0 0 0 0
1 11 1
0 1 1 1
P2$:ﬁ .
2 :
0 0 0 1
Then,
/T(T)dr:P.T(s),
0

such that matrix P, which is the operational matrix of integration could be shown in the 1D-TF

domain such as:
p_ Pls P2s
~ |Pls P2s|°

So, the approximation of integration for function f(7) can be estimated by

/S flr)dr ~ /S CT.T(rydr ~CT.P.-T(s).
0 0

To find more details about 1D-TFs see [8].
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2.2 Two-Dimensional Triangular Functions

We define 2D-TFs as a set of m; x mg on the square block of ([0,1) x [0,1)) by

(1— %) (1— %) zhl s < (z—i—l)hl,

11
0 otherwise,
_ s—ihy ) (t=jha ; ;
1 7 7 Zhl X ( )hla
T 2(s,t ' ’ 6
i, (57 ) - th <t < ( )hg, ( )
0 otherwise,
(%) (1 - %) ihy <s < (i+1)hi,
2,1
1—’7;,]' (S7t) = ]hz S t < ( )h27 (7>
0 otherwise,
» (352) (5522) b < s < i+ D,
Tz,J (S’t) = jhg <t < ( )hQ, <8>
0 otherwise,
wherei =0,1,2,--- ,m;—1,7=0,1,2,--- ;mg—1land hy = — h2 ——,m; and my are positive
integers as well as arbitrary.
Clearly we have,
Til7jjl (S’ t) = T’i,l(s) ’ le (t)a
Til,}'z(& t) = Til(s) : TjQ(t)ﬂ
TH (s,1) = Ti(s)- T} (1), )
TP (s,t) = T(s) TF(t).

Furthermore,
1,1 1,2 2,1 2,2 _
Tz‘,j (Svt) + Tz‘,j (Svt) + Tz‘,j (s7t) + Ti,j <s>t) = (bi’j(sﬁt%

where ¢; j(s,t) is the (i,j)th component of block-pulse function which is defined on ih; < s <
(1 + 1)hy and jho <t < (j + 1)hg as
1 il <S<(Z+1)h1,

¢ij(s,t) = Jho <t < (j+ 1)he, (10)
0 otherwise.

Similar to the 1D subsection the important part of the properties of 2D-TFs, are disjointness and
orthogonality. For every set of {T}} (s, )}, {T;;* (s, 1)}, {T;}' (s, 1)} and {T?(s,t)} are clearly:
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1. Disjointness
The two-dimensional triangular functions are disjoined with each other, i.e.
TP (s,t) pr=p2, @ =g,

P1,91 P2,q2 ~ . )
Tihjl (57t) 'T;QJ‘Q (Sat) — 11 =12, .]1 =J2, >
0 otherwise,

fOI'p,qG {172}’i17i2 :051727"’ , M 717andj17j2 :031327"' , Mo — 1.
2. Orthogonality

We can prove that the 2D-TFs component has the property of orthogonality with the others,
ie.

1 1
A A Tzzil,ﬁl (Sv t) : Tzi%;f (S’ t)det = Ap17p26i11i2 : AQ1,Q25J'17]'2;

where § denotes the Kronecker delta function, and

h
2, a=pe{1,2}
Ay g = ’ T 11
=i )
Nevertheless, if
1,1 1,1 1,1
Tll(svt) = [TO,O <S>t)7TO,1 (S’t>7 . 7Tm1—1,m2—1(87t>]T7
1,2 1,2 1,2
Tl?(svt) = [TO,O <S>t)7TO,1 (S’t>7 7Tm1—1,m2—1(87t>]T7
2,1 2,1 2,1
T (Svt) = [TO,O <S7t)7TO 1 (S’t>7 . 7Tm1—1,m2—1(87t>]T7

T(s,t) = (12)

4m1m2><1

By eliminating the pair variables (s,t) from T'(s,t),T11(s,t), Ti2(s,t), T21(s,t) and Tha(s,t), we
simplify the concept and understanding. In light of previous representations, it follows that

' 0 - 0
o 71T : .
Ty - T ~ . M = diag(T 1),
: : : 0
0 0o ... T4

T

Tll : T12 >~ 0m1m2 Xmima»
T

Tll : T21 = Omlmg Xmima

T
Tll : T22 ~ Omlmg Xmimso
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We can see similarly that above relations are completely satisfied for T12(s, t), To1(s, t) and Tha(s, t).
Therefore,

diag(Tl,l) Om1m2><m1m2 Omlmg X1mi1mso Omlmg X1mi1ma
7.7 ~ 0m1'HL2 Xmima diag(Tl,Z) 0m1 ma X1m1ma 0m1 Mo X1my1ma (13)
Omlm,g Xmi1mo Omlmg Xmimso diag(TZl) Omlmg Xmimeo ’
Omlmgxmlmg Omlmgxmlmg Omlmgxmlmg diag(TZZ)

or 3
T(s,t)-TT(s,t) =~ diag(T(s,t)) = T(s,t).

Also,
T(s,t)-TT(s,t)- X ~ X -T(s,1),

in which X = diag(X) and X represented as 4m;mg-vector.

By the disjointness property of T11(s,t), Tia(s,t), Toi(s,t) and Tha(s,t)also implies that for
every (4mymg X 4myms)-matrix A

TT (s,t) - A-T(s,t) ~ A-T(s,1),

where A is a 4m;mo-vector with elements that are the same diagonal matrix A.

2.3 2D-TFs Expansion

We may extended using 2D-TFs and define the function u(s, t) on the square block of ([0, 1) x
[0,1)) as follow.

miq— 1m2 1 miq— 1m2 1 my— 17712 1 miq— 1m2 1
uls,t) = > D e+ Y Y T+ Y Z eisTiy + s Ty
i=0 j=0 i=0 j=0 =0 = i=0 j=0
= ClT 'T11(8,lf) +C2T 'Tlg(s,t) +CgT21(S,t) +C4 'TQQ(S,t),
= CT.T(s,), (14)
such that C' is a 4mmy -vector defined by
c=I[cf ¢y ey oflt, (15)

and T'(s, t) is given in Eq. (12). The 2D-TFs components in C'1, C2, C'3, and C'4 could be evaluated
by the function u(s, t) at grid points s; and ¢; where s, = ihy and t; = jho, for different ¢ and j.
So,

Cir = cij=u(sitj), Cou=dij=mu(sitjt1),

Csy, €ij = u(sit1,t), Crak = lij = u(sit1,tj41), (16)
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where k = imo+jandi=0,1,--- ,m;—1,5=0,1,--- ,mg — 1, the 4m;my-vector C is called the
2D-TF coefficient vector. Furthermore, we can approximated using 2D-TFs for the positive integer
powers of a function u(s, t) as

[u(s, )P ~ C'pT -T(s,1),

such that C), is a column vector such that those elements are p'" powers of the elements for the
vector C.

Suppose that k(s, ¢, z,y) be a four variables function on ([0,1) x [0,1) x [0,1) x [0,1)). We can
approximated with respect to 2D-TFs such as:

k(s t,z,y) =TT (s,t) - K - T(x,y), (17)

where both of T'(s,t) and T'(z, y) are dimensional vectors of 2D-TFs 4m mq and 4msmy, respec-
tively, K is the 2D-TF coefficients matrix of (4m1mg) x (dmzm4) and may be computed by sampling
the function k(s, t, z,y) [2, 1]. Now, we using (14), every element of 1D-TFs which is a m;-set, can
be expanded with respect to an m; x ma-set of 2D-TFs. For T} (s) we have

Ty (s) ~[C1T 2T 03" ©4")-T(s,t).

Since t does not appear in 7 (s), Egs. (16) lead to

1 k:1a27"'am27
0 k:m2+17"'7m1m2a

Cl, = C’Qk:TOl(si):{

C3

C4k::T01(Si+1):O7 k:1>27 , Ma.

Another components of T'(s) could be expanded in such way. therefore

T(S) =~ M2m1 X4dmimeo ° T(Sa t)7

where

I 1 0 0
_ mqXmq miXma miXmq mqXmq
M = ® 11><mgv

Om1 Xmi 0m1 Xmq Iml Xmq Iml Xm1y

and ® denotes the Kronecker product which can represent for two matrices P and () as

P®Q = (pi;Q) (18)

Hence, the Kronecker product of vector 11y, from right side in any matrix or vector produces
my-repetition of each component in the row in which it appears.

2.4 The Operational Matrix of TFs for Integration

Within this subsection, we present the TFs for Integration that are derived from the proposed
operational matrix. In this approach we try to evaluate the double integral of [, fol u(z,y)dydz.
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We need to evaluate above integral for vector T'(z, y). From Egs. (9), we could evaluate separately
the integrals with respect to « and y. During this approach to find the evaluation, we represent an
operational matrix for approximating the integration with respect to z in [ fol T(z,y)dydx. Let
T's(z) be the x-components of T'(x, y). We may write

Ty ()
2mso times
T (x)
T (z
B : mo times B Ti(z)
L= = | ) @ lmat
TQ(Z‘) 4mq x 1
T’r%n—l(x)
: 2me times
Tml - 12(1‘) dmimo X1
Using Egs. (3) and (4), we can approximate the integral of T's(x) as
[ P1, P2, ]
s Pl, P2,
/(; TS (l‘)dl‘ >~ Pls PQS ® 1m2><1 . T(S>7
| Ply P2 |
[ Pl, P2, ]
P1ly P2,
S e B
| P1, P2, |
= FE-T(st), (19)

in which E is a (4m1ma x 4m;ms)-matrix as follows:

Pl P2,
_ Pl, P2, I 100
Bo= P, P2, | @hme ([0 0 I 1} ®11Xm2),
Pl P2 2m1><4m1

Pl, Pl. P2, P2.
Pl, Pl. P2, P2.
= | p1, p1, P2, P2, | ©lmext (20)

Pl1; Pl, P2, P2,

More details may be found in [13].

2.4.1 Product Properties

In this subsection, we estimates the product and their properties of which for the problem. We
need the following procedure to approximate T'(s,t) - T7 (s, t).
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Each component of this matrix from Eqs. (9), can be represented separately as the production of
two terms with respect to variables s and ¢. Hence,

T(S, t) . TT(S, t) = [A’Lj (S)Bij (t)]i,jzl,Q,--- Amima» (21)

such that A(s) and B(t) are (4mima x 4myms)-matrices and must be computed. The disjoint
property of {T}(s)}™ ! and {T?(s)}1™% ! Egs. (2) and (9) that

T1
(s)
T1,
A(s) = T28 ® Lyt | - ([ T1T(s), T17(s), T27(s), T2T(s) | ® lixm,),
TQ(S)
[ T1(s) Tl(s) 0 0
Ti(s) Ti(s) 0 0
~ — — Ly xmsg- 22
0 0 T2(s) T2(s) % s x (22)
| 0 0 T2(s) T2(s)

Furthermore, the disjointness property of {77} ()}72% and {Tf(t)};ﬁjo_ ! implies that

mq X1 ®T1

1
1m1><1 ® T2
1
1

B(t) = : [ 11><1’TL1 ®T17 11><m1 ®T27 11><'m1 ®T1a 11><m1 ®T2 ] )

mi X1 ®T1
mq X1 ®T2

and in definition the (¢) term in T'1(¢) and T2(t) is omitted, for reliability. So,

B(t) =~ [gq(t) Bq(t)]’ (23)

Q
—~
~
~—
oy
Q
—
~
~

where B, (t) is a (2m1mq X 2mims)-matrix of the form

myxm, @ (T2 - T72)

B(t) ~ Loy sem, @ (T'1- T:1) Ly xm, ® (T1-T2)
! B 1m1 xmq & (Tl : T2) 1 .

We have to reform how the matrices A(s) and B(t) are approximated in Egs. (22) and (23). In
spite of the fact that all blocks in B(t) are diagonal matrices, one may rewrite the Eq. (21) such as

QUi(s,t) QI2(s,t) 0 0
T o | Q2(s,t) Q13(s,t) 0 0
T(s,t)- T (s,t) =~ 0 0 Qoi(s.1) Q22(s.1) , (24)
0 0 Q22(s,t) Q23(s,t)
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Al(s) = trace(T1(s) ® Lyyxms)s
A2(s) trace(fé(s) ® Limgxms)s
B1(t) trace(lm, xm, ® (T1(t) - T1(1))),
B2(t) trace(Lom, xm, ® (T1(t) - T2(t))),
B3(t) = trace(lpm,xm, ® (T2(t) - T2(1))),
we have,
Q1) = (Al)y - (Bl)y,
(Q12), = (Al)y - (B2)y,
(Q13) = (Al)g - (B3)y,
(Q21) = (A2)g - (Bl)y,
(Q22), = (A2)) - (B2)y,
(Q23)r = (A2)) - (B3)y,
fork =1,2,--- ,myms. Now, let X be a 4m1m2-vector as
X = [X1T7 X2Tﬂ ng XZ]Tv

where X1, X2, X3 and X4 are m;mgz-vectors. It can be derived from Egs. (24) to (25) that

T(s,t)-T"(s,t)- X

1

Q1l1(s,t) Q12(s,t) 0 0
Q12(s,t) Q13(s,t) 0 0
0 0 Q21(s,t) Q22(s,t)
0 0 Q22(s,t) Q23(s,1)
[ X1-B1 X2-B2 0 0
X1-B2 X2-B3 0 0
0 0 X3-Bl X4 B2
0 0 X3-B2 X4 B2
Bl B2 0 0 X1 0 0 0
B2 B3 0 0 0 X2 0 0
0 0 Bl B2 0 0 X3 0
| 0 0 B2 B3 0 0 X4
R(t)- X - Ts(s)

X1
Xo
X3
Xy

(25)

(26)

(27)

Hence, components s and ¢ can be decomposed into vectors T's(s) and matrix R(t), respectively.
In addition, that s-components are aggregated in the last vector. For further details, one may refer

[13].
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2.5 Operational Matrix of TFs for Differentiation

Finding an approximate solution involves constructing a differentiation for the problem by
adding its conditions. This subsection presents a differentiation matrix based on the proposed
operational matrix. Using these initial conditions based on proposed operational matrices, we

can write :

u(s,t) = UTT(s,1),

u(s,0) = ULT(s,1),

u(0,t) = ULT(s,1),

uy(s,t) = UL T (s, 1),

us(s,t) = UL'T(s,1), (28)
u(s,0) = Ugyo T (s, 1),
ug(s,t) = ULT(s,1),

us(0,8) = Uy, T(s, 1),
Ugs(s,t) = ULT(s,1)

ust(s,t) = ULT(s,1),

where some boundary and initial conditions simply can be calculated. We can use the following
procedure to operational matrix of TFs for differentiation for U}, UL, UYL, UsT, and UL. To
find operational matrix of TFs for U/ we can write the fundamental theorem of calculus down as

follows:

u(s,t) — u(s,0) = /0 ug(s, 7)dT. (29)

From (28), we obtain
t
UTT(s,t) —ULT(s,t) = / Ul'r(s,)dr,
0
t
= UtT/ T(s,7)dr = U PT(s,1).
0

Thus, we get

vt -vl =Ul'P. (30)
Then,
vl =wt -uk)p. (31)

In similar way, to find operational matrix of TFs for Ul we have

vl =w” -ud)pt. (32)

S
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In the similar approach, the fundamental theorem of calculus can be used to approximate the
operational matrix of TFs for UL as follows;

ue(s,t) —ue(s,0) = /0 uge (s, 7)dT. (33)

By using (28), we have

t
Ul'T(s,t) — UL T(s,t) = / UrrT(s,)dr,
0

t
= Ug/0 T(s,7)dr = UL PT(s,t).

Thus, we get
Ul — ULy =ULP. (34)
Then,
Ut = (U = Upo) P (35)
In the same approach, we can approximate us(s, t) in the form of the following equation

Ul = (U = Uf) P~ (36)

At the end of our procedure we can approximate u(s,t) and use the following procedure:

t
ug(s,t) — u(t,0) = / ust(t, 7)dT. (37)
0
Hence,
t
Ur'T(s,t) — UL, T(s,t) = / ULT (s, 7)dr,
0
t
= UST;/ T(s,7)dr = ULPT(s,t).
0
So, we get
vl —u%, =ULP. (38)
Then, we have
Ul = U0l -vh)pP. (39)

Finally, we could using such proposed method to evaluate and expand the operational matrix
for order m by the way.

501



M. Safavi et al. Malaysian ]. Math. Sci. 15(3): 489-507 (2021) 489 - 507

3 Applying the Method

By using 2D-TFs, the main approach of this section would be finding the solution of nonlinear
two-dimensional mixed Volterra—Fredholm integro-differential equations. Since we show already
some of the following statements, one may can conclude and write that:

u(s,t) = UTT(s,1),
f(s,t) = FTT(s,1),
[u(z, y)]? = T (2,y)C),
Ugs(s,t) = ULT(s,1), (40)
ug(s,t) = ULT(s,1),
ugs(s,t) = ULT(s,1),
k(s t,x,y) = T (s,t) - K - T(x,y),

where the mymq-vectors U, G, C,,, Us, Uy, Uss, Uy, Ups and matrix K are the TFs coefficients of u(s, t),
f(s,t), [u(s, )], us(s,t), u(s,t), uss(s,t), uu(s,t), us and K(s,t,z,y) respectively. Now, con-
sider the following equation,

s 1
s + tts + gy + u(s,t) = F(5,8) + / / k(s 1,2, ) [u(z, y)Pdydz. (41)
0 0

The proposed equations and by using (19), (27) and (40), we can conclude that

TT(S7 t)(Uss + Us + Ut + U)

s 1
(st F+ [ [ kst )t ) dyds,
o Jo
s 1
~ TT(S7t) -F —|—/ / TT(s,t) K -T(x,y) ~TT(x,y) - Cpdydz,
o Jo

s 1
= TT(s,t) -F—|—TT(s,t) - K / / T(z,y) ~TT(m,y) - Cpdydz,
o Jo

k¢

T (s,t) - F+T"(s,t) - K - /0/01 R(y) - Cp - T's(z)dydz,

= T7(s,t)- F+T"(s,1) - K - /01 R(y)dy - Cp - /Os Ts(z)dz, (42)

where (4mymsg X 4mymg)-matrix R(y) and 4mimq-vector T's(z) are determined in Eq. (27). The
first integral approximation in Eq. (42) can be revaluated as follows.

1 [ Bily) Baty) 0 0
- Bsy(y) Bs(y) 0 0
R A e R (43)
0 0 B, Bs
b Rnooo0 0
| 2o Rnooo 0 | _y
o 0 0 %11 %II -
0 0 L L
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where we put I; = Ly, m, xm;ms, fOr convenience. So,

s 1
//k(s,t,m,y)[u(x,y)]pdydx ~ T7(s,t) (K-T-Cp-E)-T(s.1), (44)

0 Jo
~ (KYC,E)-T(s,t), (45)

where (KYC, E) is a 4m,ma-vector with components which are equal to the diagonal components
of the matrix KYC,E. Since C,, is a diagonal matrix, we get

(KTC,E) =11-C,, (46)

in which ITis a (4mymg X 4m;3msg)-matrix with components

Hi,j = (KT)LJ . Ej,i7 Z,] = ]., 2, cee 74m1m2. (47)
T (5,t)(Uss + Ups + Uy +U) = TT(s,t)- F+ T (s,t) - 11 C,.
Hence, we have
U95+Ut9+Uft+U:F+HCp (48>

Now, using Equations (31), (32), (35), (36), (39), and (48) we can derive a nonlinear system, also
we can use the Newton-Raphson method in order to find the solution of which. Therefore, the
approximate solution

u(s,t) = UTT(s,t), (49)

can be computed for Eq. (41).

4 Numerical Results

In this section we explain the results obtained with some experiments of nonlinear mixed
Volterra-Fredholm integral-differential equations. We use the exact solution in all examples as
well as the supplementary initial conditions. The TFs method described in this paper offers a pro-
cedure that is practical for finding numerical solutions of examples. The following error function
can be used to evaluate both the results of exact solutions and their associated error.

e(S,t) :| U(S) t) - umhmz (S) t) |7
where u(s,t) is the exact solution and @, m, (s,t) is the approximate solutions of the integral

equation. Tables 1-2 contain the values of e(s, t) with the different values of m; and mq which is
computed as well as displayed over the set

Dyrias = {(0.0,0.0), (0.1,0.1), (0.2,0.2) - - - , (0.9,0.9)} . (50)

503



M. Safavi et al. Malaysian ]. Math. Sci. 15(3): 489-507 (2021) 489 - 507

Example 4.1. Let the following equation for the first example as:

D?u(s,t i
@(52 )+t3 //erQ W3y

z)dydz = g(s,t), s,t€][0,1],

where

1 1
_7t3 4 7t362 _ t3657t + tesft7

t =
g(s,t) 13 3

where the u(s,t) = teS~" is the exact solution of this problem with supplementary conditions:

ou
¢ =te L.

w(0,t) =te™', Z2(0,4) = (51)

The results of the numerical solution of this example is displayed in Table 1.

Example 4.2. For the second example, let the two-dimensional mixed Volterra—Fredholm integro-differential
equation as

2 t t 1
% + u(s,t) +/ / s2e¥ T u(y, 2)dydz = g(s,t), s,t€[0,1],
o Jo

where

1 1
g(s,t) = — =5t + 5826275 +2e° 1,

2
where u(s,t) = e**t is the exact solution of this problem and the supplementary conditions are

u(s,0) = e’ %(3,0) =e

in Table 2, the numerical solutions are presented.

Table 1: Error estimation related to the Example 1.
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s=1t e(S,t)

e(s,t)

e(s,t)

m1=m2:4

m1:m2=8

m1:m2=32

2.15412 x 102
1.12941 x 10~2
5.24154 x 1072
8.22541 x 102
7.15222 x 1072
1.25859 x 102
2.26554 x 1072
2.25541 x 1072
3.27514 x 102
4.17894 x 10~ 2

1.17425 x 103
1.53289 x 103
1.36692 x 1073
2.30314 x 1073
8.02847 x 1073
7.01514 x 1072
2.72514 x 1072
1.12342 x 1072
7.06458 x 1072
3.00872 x 10~2

2.12965 x 10~°
1.24598 x 10~°
1.26548 x 10~*
2.52784 x 10~*
8.15252 x 10~4
2.23160 x 1074
5.46124 x 10~
7.12464 x 10~
1.02100 x 1073
5.02154 x 10~3
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Figure 1: Comparing exact (Right) and numerical (Left) solutions, u(s, t), with m; = mg = 32 for example 1.

Table 2: Error estimation related to the Example 2.

Malaysian . Math. Sci. 15(3): 489-507 (2021) 489 - 507

e(s,t)

e(s,t)

e(s,t)

m1:m2:4

m1:m2=8

m1:m2:32

2.65214 x 102
2.36541 x 1072
2.12010 x 10~2
5.20514 x 1072
4.95022 x 10~2
1.25142 x 102
3.25478 x 1072
1.21540 x 10~2
2.55840 x 10~2
2.36542 x 1072

5.36982 x 10~3
4.25209 x 1073
1.21405 x 1073
1.98740 x 103
2.25014 x 1073
2.25140 x 1073
1.25105 x 1072
9.14050 x 102
7.29825 x 1072
1.25005 x 102

2.10963 x 10~°
2.60058 x 1072
1.20118 x 10~°
2.25124 x 10™4
1.02524 x 10—+
4.11263 x 10~
1.24502 x 104
2.41298 x 10~*
2.25487 x 1073
5.95015 x 103
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Figure 2: Comparing exact (Right) and numerical (Left) solutions, u(s, t), with m; = mo = 32 for example 2.

5 Conclusion

In this paper, the TFs have been successfully employed to find the approximate solution of the
nonlinear mixed Volterra-Fredholm integro-differential equations. This method for constructing a
system of algebraic equations without using any projection method like the Collocation, Galerkin,
and so on. The biggest advantage of the method is the low cost of computational operations.
The accuracy and applicability have been investigated in some examples. The results have been
proving the accuracy of the methods which stand at an adequate level of satisfaction. Moreover,
to reach an appropriate accuracy, we can increase the rate of m; and mo.
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